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Damped Oscillations (linear damping)

d’ d
m f +eP 4 kx=0  with trial solution x(t) = Ae”
dt dt

yields auxiliary equation

mq*+cq+k=0

Ifl> g- —c+~c —4mk
2m

3 Three possibilities:

¢’ >4mk overdamped
J ¢ =4mk critically damped

¢’ <4mk underdamped




Damped Oscillations (linear damping)

auxiliary equation:

2
g= —ci\/2cm—4mk 4 /77/2 —a)j

c .
where = — = damping parameter
m

(note that Taylor uses f)

k
and @, =,|— = natural frequency
m

Damped Oscillations (linear damping)

¢’ <4mk (y<w,) underdamped
‘ yields actual oscillations!

X(t)=C,e e 4 C e VT
N _

o, =0 -y
. =tan '(B,/B
= Be " cos(w,t)+ Bye " sin(@,t) \here ’ (5150
A*=B'+B;

C,=(B FiB,)/2

= Ae " cos(w,t — @)

/ envelope given by +Ae™

TR I a)(,E -
m

®, is the "damped frequency"”

e
(Note Taylor uses w,)
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Damped Oscillations (linear damping)
x(t)=C.ee"™ +Ce”e™ = e cos(w,t — @)
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Damped Oscillations (linear damping)

¢’ >4mk (y>w,) overdamped
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Damped Oscillations (linear damping)

¢’ =4mk (y=w,) critically damped

x(t)= Ate””" + Be™”"

® “optimal” return to equilibrium
X

x(t)

x{Q)

_i0y>0
- .K0)=0
Ko)<0

Simple Harmonic Oscillations (no damping

Energy considerations  x(¢) = Acos(w,t — @)

)

K, U, and E, ¢, vs. t.
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Differential Calculus: Del on vectors?

* The del operator is a differential operator that “acts on,”
rather than “multiplies” the function to its right.

* Acting on vectors, we have two options of interest:

—

6 -V The Divergence

VxV The Curl

NOTE: like the gradient, these are COORDINATE SYSTEM DEPENDENT!!

Differential Calculus: The Divergence

Gives feel for how much the field is spreading
out or DIVERGING from the point in question!

Often associate with sources or sinks of the field.

Sort of a “slope of the components.”

Results in a scalar function!

Lo, oV, .
V.7t e 29 O \\\/\%,
ox oy 0z <o .g

2=
VNN

The Divergence in Cartesian coords.

[COORDINATE SYSTEM DEPENDENT!!]
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6 Differential Calculus: The Curl

* Gives feel for how much the vector field is
rotating or CURLING about the point in question!

e Results in a vector function.

i ]k
Vxp=l0 9 O or
ox 0Oy Oz
B, B, B
. - .06B. OB, .0B OB.. ~OB, 0B
VxB:z‘(aZ— y)+j(6x—az)+k( y—L)
oy Oz oz Oy ox Oy

The Curl in Cartesian coords.

[COORDINATE SYSTEM DEPENDENT!!]

A Theorem

“Curless” or irrotational vector functions

—_—

7 1) VxF=0 V space
£ - =
Fo---. 1) R IF -dl 1s path independent 5
~§ ; i J = = T .g
g iii) (ﬁF -dl =0 V closed loops %
iv) F=VV

p——

Conservative forces are examples of such functions
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Work, Force, and Potential Energy

7
W=[F-di =—AU =—(U,-U)

\

path (or line) integral

where [ =_—_V U and such forces are conservative

Work and Kinetic Energy

net

7y
Wy = [ F-di = AK = (K = K)

The Gradient

* Del acting on a scalar is called the

ﬁP(x,y,Z) =i op +jaP +]€5P
Ox oy 0z

 VP(x,y,z) points in the direction of maximum
increase in the function P(x,y,z)

VP(X,J/,Z)‘ gives the “slope” (rate of
increase) along this maximal direction
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Conservative Forces

* Conservative forces can be written as the gradient of some
scalar function:

¢8U AGU ~oU
i —k

ox Gy oz

Feu=-|i23 009 y=-
ox ~oy Oz

* One can show that this is equivalent to any of the following:

VxF=0 CJSF-dfz 0

fz F -dr = path independent

Simple Harmonic Oscillations (no damping)

Energy considerations for a particle oscillating about a point of stable equilibrium.

U(x):%kxz / « Any potential well can be modeled

as approximately parabolic for
small enough oscillations

* Can do a Taylor series expansion about equilibrium position, x,:

dU(x) 1 d*U(x) ,
Ux)=U(x,)+ X—x,)+— X—=x,) +...
() =U(x,) I ( D0 e |, (x=x,)
\_Y_) \_Y_) ( ’ J \_Y_)
'y
constl =0 looks like —kx* ignore small higher

order terms!
e with u = x - x, and with u < I, we can write

\F 1d°U(x)
m  dx’

for small oscillations about equilibrium




